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This thesis presents an application of the analysis of the 
n-wire exponential line to the case of the 3-wire RC exponential 
line terminated in its characteristic impedance, and to the 
2-wire exponential line with open and short circuit terminations. 
These lines are excited withd -function voltage generators, 
and the corresponding impulse responses are obtained. 
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1 
I. INTRODUCTION 
The theory of transmission lines is being applied to re-
cent developments in the field of microcircuits because in such 
circuits the R and C parameters are generally distributed through-
out the structure. 
This thesis deals with the analysis of RC exponential lines 
and their response to a unit impulse excitation. 
Exponential lines are nonuniform in the sense that the line 
parameters vary according with an exponential function of the 
position from a reference point. 
Steady state analysis of different kinds of parameter 
variation with distance have been analyzed, among them are the 
1 . B 1 2 d T . t . 3 1" lnear, esse an r1gonome rlc 1nes. 
To conform with the parameter variation in a two wire line 
as an example, either the spacing between the conductors, or 
the wire size is varied along the line7 • In the case of thin 
film circuits, proper shaping is needed~. 
With respect to exponential lines, most of the previous 
~ 5 
work has been done considering the steady state response ' ; 
in this thesis a study of transient response is developed. 
2 
II. TRANSFER MATRIX OF EXPONENTIAL LINE 
Fig. 2.1 shows the reference directions for the voltages 
and currents of a 3-wire transmission line; distance x is 
measured from the right end of the line. 
The transforms of voltage and current along the line are 
functions of the position x and complex frequency s; to simplify 
notation, functional dependence on s is not indicated in the 
equations. 
Applying Kirchhoff voltage and current laws to the equiv-




Dividing the above equations by Ax and letting Ax-0, the follow-




;) r 1 (x) 
sc1 (x) v1 (x) (7) = ()x 
o I2 (x) 
sc2 (x) V 2 (x) (8) = ()x 
r 1 (x) 
+ o+ 
+ 
vil v1 (x) v..tl 
_ r 2 (x) -r1 (x) 
+ + + 
vi2 v 2 (x) v~2 
-, .. o-r 2 (x) 
x-J· x= d 
Fig. 2.1 3-Wire Transmission Line 
r 1 (x+Ax) ---r1 (x)Ax r1 (x) 
+o ,. /\/V\1' I 
... o+ 
vl (x+~x) sc1 (x)4x v1 (x) 
...r2 (x)Ax 
+ + 
v 2 (x+A:x) sC 2 (x)Ax v2 (x) 
.,..,-3 (x) Ax 
-o ... 1'\f\/V', ... o-
1 .. 
r 2 (x+&x) r 2 (x) I. ll..X: X 
Fig. 2.2 Incremental Line Equivalent Circuit 
Expressed in matrix form 
v1 (x) 0 0 
I 
1..,-1 (x) +_.['2 (x) -rl'2 (x) \71 (x) 
_2_ v2 (x) 0 0 J-~(x)~(x)+~3 (x) v2 (x) 
= --- -- - - j - - - - - - - -()x 11 (x) sC1 (x) 0 1 0 0 11 (x) 
r 2 (x) 0 sc 2 (x) 1 0 0 1 2 (x) 
Defining column vectors and matrices 
Using equations (10) through (13), Equation (9) becomes 
d [V(x)] _ [ 0 Z(x)J [\l(x)J 
;)x l_(x) - Y (x) 0 l.(:X) 
The parameter variation for the exponential lin~ is 











In Equations (15) and (16) Z and Y represent constant matrices, 
and a is the taper constant; 
5 
Using this exponential variation, Equation (14) gives 
0 fv(x)] [0 Zexp (2ax) J [V(x)] 
oXlr(x) = Yexp(-2ax) 0 l(x) 
(17) 
The solution of Equation (17) was given by Bertno1li1 ; the 
solution procedure is as follows: 
Assuming a solution of 'the form 
lV(x)l [Iexp (ax) 0 J - = P (:;~) = J (x) P (x) 
.I (x) _ 0 Iexp (-ax) 
and letting 
then 
K(x) = r 0 Zexp (2ax) ] 
lYexp ( -2ax) 0 
- = K(x) C) [V(x)] [V(x)~ ~x l(x) l(x) 
Substituting Equation (18) into (20) 
(): [ J(x)P(x)] = K(x)J(x)P(x) 
From (21), solving for~, 







z] P (x) =QP (x) 
a! 
The solution of Equation (23) is 
P(x)=exp(Q(x)) • P(O) 
From Equation (18) 
r_y(O)] [VU)] 
= = P(O) L.! co) l oJ 
and the solution of the partial differential Equation (17) is 
rv (x)J [ v ().)] 
- = J(x)exp(Qx) -
l I(x) lC.O 
The transfer matrix T(x) is given by 
T (x) =J (X) exp (Q:x) 
and Equation (26) becomes 









Evaluation of exp(Qx) can be made by means of Sylvester's 
theorem9 
where 
F (.{) = AI-u 
in which the A., i = 1,2 are the Eigenvalues of u; letting 
l. 
F 0.) is 
F(.{) = [ A.+ai -Z ] 
-Y A. -ai 












The function P(u) can be expressed as 
P(u) ux = e = cosh(ux) + sinh(ux) 
Making the substitutions according to Sylvester's theorem, 
P(u) = cosh ( r x) +sinh ( r x) [- r +ai-ZJ 
-2r -Y- r-ar 
From the relations 
sinh 8 = -sinh(-9) 
cosh e = cosh(-8) 
+ cosh(- r x) +sinh(- r x) 
2r· 
Equation (36) converts to 
P(u) :::: cosh( I x) ·I-r-1sinh(rxJai l-Y 
z] 
-ai 
[ r+ai -z] 
-Y r-ar 
Substituting· Equation (39) into (27) for the transfer matri~ 
[ ax ] [ -1 r -1 j T(x)= Ie 0 cos11.(rx)-ar sinh(rx.)Z sinh(rx) 







The above equation for the transfer matrix of the exponen-
tial line forms the basis in the applications that follow. 
9 
III. EVALUATION OF CHARACTERISTIC AND INPUT 
H1PEDANCE 
By terminating a line in its characteristic impedance there 
would be no reflections from the load; this is equivalent to a 
line of infinite length. 
The boundary condition at x=O is 
The solution vector, Col [v(x), I (x)J, is obtained from 
Equation (28), together with the above condition and Equation 




[eax [cosh( r x) -a r -lsinh( r x)} eaxz r -lsinh( r x) J . 
-ax.~ -1 -ax[ -1 · } e rr sinh(Px)e cosh(f'x)+ar slnh{rx) 
(42) 
From {42), using exponentials and grouping, 
(43) 
Setting the coefficient of exp (- r x) equal to zero {no reflec-




Proceeding in the same way with the equation for I(x), 
z0 =rY-l(I-ar -l) (45) 
Equations (44) and (45) are equivalent. This can be proved 
by applying Sylvester's theorem; corresponding matrix elements 
are found to be equal. 
The solution for no reflections is 
[ .Y C x )] = [r e ax _ o l [~_a! -l 
l(x) 0 Ie axJ Yr 1 
z r -1 ] [zo] 
I+a \' -l I 
(46) 
Haking use of Equations (44) and (45) , the val tage and current 
along the line are 
(4-7) 
(48 
and from the last two equations 
V(x) (49) 
Equation (49) gives the input impedance at any point x when 
the line is terminated in its characteristic impedance; the 
factor exp(2ax) is present for the exponential line, in contrast 
with the constant parameter line in which a=O. 
11 
To exemplify calculations, the following parameter values 
are used throughout the thesis 
R - R = R = 1 ok~ 1meter 1 - 2 3 il.JlV 
cl = c2 = 1 farad/meter 
In order for z0 to be positive real and physically real-
izable, the matrix z0 (s) must satisfy the following conditions8 : 
1.. z0 (s) is holomorphic in v > 0 
* * 2.. z0 (s) = z0 (s ) in IT 70 
3.. z0H(s) ~ 0 in cr- )"0 
where u-is the real part of the complex frequency s = 0""+ jw and 
z0H(s) is the Hermitian part of the matrix z0 (s); the asterisk 
indicates complex conjugation .. 
From Equation (~~), after application of Sylvester's theorem, 
the matrix z0 (s) is 
--=-1 --::---3 [ 1 -1] + zo (s) = ------- 2 
~3s+l +1 -1 1 
1 1 
2 
The element a11 of the matrix z0 (s) is 
3 ( {S+i +1) + ( v'3S+l +1) 
2 ( .J 3s+l +1) ( V s+l +1) 
the above function of s is holomorphic for lJ" > 0, satisfying 
condition 1. 
Taking one of the terms of z0 (s) 
f(s) = 1/( /3s+l +1) 
12 
and using the property that the conjugate of the sum equals 
the * sum of ·the conjugates, the expression 1/( /3s+l +l) , after 
substitution of s for r:r + jw gives 
1/ ( /3 o- +1) -j3w +1) 
* but this expression is the same if s is substituted for s =~-jw 
* f(s ) 
and condition 2. is satisfied for \F /'0. 
8 
rem : 
The third condition is tested with the use of the theo-
11A Hermitian matrix is positive semidefinite 
(ZOH (s) L 0) if and only if every principal 
mino1~ is nonnegative. n 
This amounts to check if the real part of the element a11 
of z0 (s) is nonnegative for~ )O; analyzing the expression 
1/ ~s+l, its real part is 
1 f, -1 w ] 
-l.j.---""" cos~tan (<T+l) 
(( !J'+l) 2-tti 
and it is greater or equal to zero for \i' /'0, satisfying therefore 
the last condition. 
13 
IV. IMPULSE RESPONSE OF A 3-WIRE LINE 
The impulse response of a 3-wire exponential line terminated 
in· its characteristic impedance will be developed. 
Ao CASE 1. Exponential line (a = 1) 
The Z and Y matrices of the line are 
z =[:1 -~] 
y =[~ ~] 
from which r 2 is 
r 2 = a 21 +ZY=I +ZY= [1+2s -s] 
-s 1+2s . 
The voltage and current at any point on the line are from 
Equations (47) and (48) 
-x r x 
.l (x) =e e .l CO 
Evaluating Equations (53) and (54) by means of Sylvester's 
theorem gives 
ex( V3s+l +l~[l -l]+ ex( /s+l+l)l[i 
V(x)= ~==--? 









I (x) = - + e 1 tex( /3s+l -1) 1 [1 -1] x( I s+l -1) fl 
-
2 
-1 1 2 1 ~] }rm cs6J 
Taking Equation (55) for V(x) and solving for the load 
current 1. (j) 
where 
A= /3s+l +1 




C= /3s+l -1 
D= /s+l -1 
(57) 
Fig. ~.1 shows the 3-wire line being analyzed; the trans-
form of the input voltage column vector is 
V(d)=[~] (58) 
With this kind of impulse excitation, the equation f9r the load 
current becomes 
(59) 
Having obtained the equation for IC.n, the voltage and current 
at any point along the line can be found from Equations (55) and 











The solution obtained for the voltage and current prove to 
satisfy the partial differential equation when substituted back 
into it. 





Fig. 4.1 Excitation of the 3-Wire Line 
To get the response in the time domain, the inverse Laplace 
transformation is applied to V(x) and l(x); Table I presents 
Laplace transform pairs for functions used in this thesis. 
From Equation (60) 
V ( ) - 1 x-d -f3(d-x)(s+l/3+ 1 x-d -(d-x)(s+l 1 x-~ e 2e e (62). 
16 
Applying the complex translation property of the Laplace trans-
form 
and letting d=l, 
( ) - 1 x-1-t/3 -1{ -/3(1-x)~ 1 x-1-t -1{ -(1-x);;} v1 x - r L e f r L e 
With the use of Table I 
where 
v1 (x)=x'+y 















According to Equation (60)~ for v 2 (x) only the sign of the first 
term changes 
v (x)= -xT+y 2 
In a similar way the currents. are given by 
































1 512 (a 4-/t+t2 -3a2 /2t+3) e -a /4-t 
4-/if t 
2 
n-1/2t-3/2(a2/LJ.t- ~- ~b + b2t)e-a /lJ.t 
2 
-b3eab+b tERrc(a/2t1/ 2+bt1/ 2) 
2 
-a /lJ.t 2.L · 1 1/2.) 
e -beab+b l: ERFc(a/~t1 2 + bt 
(1T t) 1/2 
n=0,1,2 ••• 
18 
i 2 (x)= =u+v (67) . 
where 
-3(1-x) 2 -3(1-x) 2 
u= le- (x+l) -t/3{/3 (1-x) e .. 4-t + (3 [3 (1-x) 2 -2t]e 4-t 
6 2Jff t3/2 4-lif tS/2 ] 
- (1-x) 2 - (1-x) 2 
v= le- (x+ l) -t S (1-x) e 4-t + [(1-x) 2 -2t] e 4-t 
2 .. (_ 2tff t3/2 4{ff tS/2 
Figures 4.2 to 4.4 show the voltages v1 (x) and v 2 (x) as a 
function of time for different positions along the line, begin-
ning at the source terminals and taking increments in distance 
equal to d/2, where d equals 1. 
Figures 4-.5 to 4-.7 show the plots corresponding to the 
currents il(x) and i2(x) using the same increments in position 
as for the voltages. 
B. CASE 2. Uniform line (a = 0) 
For this case the transfer matrix T(x) reduces to 
[
cosh( r x) 
T(x) = 1 
y r- sinh(f' x) 
z r-1sinh( r x)] 
cosh( r x) 
and the characteristic impedance is 
z = z r -l = r Y-1 
0 
The final solution for V(x) and I(x) is 
(68) 
(69) 
[ V(x)J [z0J = e r xi (.t) 
I (x) . I 
From Equation (70), evaluating the exponential function with 
the use of Sylvester 1 s theorem, 
and 
rl/2e v'3S (x-d) + V2e{S(x-d) ] V(x)= 
- -l/2e/3S(x-d)+l/2e{S(x-d) 
-~ /35 e v'3S ex-d)+ ~IS erscx-d) ] 
I (x) = 
- _1:. M""":3 J3s (x-d) + .h ,-;:;- /S(x-d) L 6 v~s e 2 vs e 
Rearranging Equation (71) for V(x) 
V ( ) = +1 -fi(l-x)y'S+ 1 -(1-x)v'S 1,2.x ~ 2e 
and with the use of Table I, the time domain equations are 
v (x)= x 1 +y 1 
.where x 1 andy are given by 
-3 (1-x) 2 











4-t y= (1-x)e 
4-/Tft3/2 
For the currents, from Equation (72) 
Their time domain equations are 
where 
i 1 (x)= u+v 
i 2 (x)= -u+v 
2 3 (1-x) 
2 - Lj. 






The obtained equations for voltage and current were.plotted 
in the same way as Case 1. 
Figures 4-.8 to 4-.10 show the plots for v1 (x) and v2 (x); 
Figures 4-.11 to 4-.13 illustrate the currents i 1 (x) and i 2 (x). 
The limit as t_.Q for the voltage and current equations is 
obtained with the change of var~able u = 1/t and the application 













3/2u1/ 2 lim 
~=--= u 
e u-ee 
3/4u-112 = 0 
u 
e 
To get an adequate vertical scale, the origin for time in the 
plots varies £rom 0.1 to 0.5 seconds. 
The presence of the factor (1-x) in the time equations for 
Cases 1. and 2., produces zero voltage for t )0 at the input 
terminals of the line. 
The main difference in the responses between the uniform 
line (a = 0) and the exponential line (a = 1) is introduced by 
the value that r takes: 
for a = 0, r = JzY 
for a = 1, r = If +ZY 
This difference in r gives rise to the complex translation in the 
exponential line, and its time domain equations are preceeded by 
the factor exp (- ti.. t). 
The waveform of the response for the uniform and exponen-
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V. IMPULSE RESPONSE OF A 2-WIRE LINE 
The results obtained in the previous d.iscussion for the 
3-wire line can be applied to the present problem of the 2-wire 
line with lumped impedance z0exp(2ad) at the input of the line 
and with a load impedance kZ0 , where K is a constant. 
Fig. 5.1 shows the 2-wire transmission line; for this 
particular problem, all the variables are scalars. 
The characteristic impedance reduces to 
z0 = (I +a r -l) -lz r -l = 1/(r +a) (79) 
(80) 
The impedance z0exp(2ad) and the line are in cascade, and their 
combined transfer matrix gives 
At the ~ource and load end of the line,. V8 
KZ0I 2, respectively. From Equation (81), 
I = r (r +a)e-ad 
2 er d(Kr -aK+f'+a)+e ... rd(aK-a). 
= 1 and v2 = 
The voltage and current along the line are given by 
[v (x)] ·[ J [KZ0] · = T(x) I 2 





~I+ + + I.:t. I 
,. 






Fig. 5.1 2-Wire Transmission Line 
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Using exponentials 
rx+a(x-d) [ ] - r x+a(x-d)[ . 1 
V(x)= e t~ daK+ r +a +e - r d Kr +r- r -a (S~) 
2 e (K r -aK+ r +a) +e (aK-a) 
and 
1 ( )= erx-a(x+d)[ Ks+s+2a2+2aa +e- rx-a(x+d) [s-Ks] 
x [ rd -rd ] 2 e (Kr -aK+ r +a) +e (aK-a) 
(85) 
From the general Equations (84) and (85) several particular 
cases can be analyzed: 
A. CASE 1. Short circuited uniform line (a = 0, K = 0) 
The equations for V(x) and I (x) are reduced to 
V(x)=(e rx_e- rx)/2e r d 
and 
I (x) = s ( e r x+e- r x) 
2rerd 
The corresponding time domain equations are 
_ (1-x) 2 . - (l+x) 2 




i(x)= l{_[Cl-x) 2-2t]e 4t + [(l+x) 2-2t]e 4t; 1 





Plots of Equations (88) and (89) are illustrated in Figures 
5.2 to 5a7, at the same locations used for the 3-wire line, and 
with d = 1. 
B. CASE 2. Short circuited exponential line (a = 1, K = 0) 
Equations for V(x) and I(x) are 
and 
1 erx-(x+l)[ +2+2 r]+ -rx-(x+l) I (x) = s se 




The expression l/(l-e-2rd/r+l), can be developed as a series of 
the form 
1 - 2 3 
-- - 1+x+x +x • • • 1-x 
Using this series expansion in Equations (90) and (91) gives 
and 
I (x) = .1. e- d+ + T'x- x+ 1 [ r e -3rd e-Srd + 1 rs+2+2r ( ) 
· 2 C r + 1) c r + 1) 2 · • • r + 1 e , 
+ s -rx- (x+l)] 
r+le (93) 
To get the time domain equations in order to plot the re-
sponse, for this case the first four terms of the series were 
taken to obtain an approximate solution; Table I of Laplace 
38 
Transform pairs contains the type of terms involved in the series, 
with the exception of terms like f(s)/({5 +l)n for n>l. If 
n > 1, the expression 1/ Cv'S + 1) n was developed as a series, thus 
reducing the terms to the form of those listed in the Table. 
Figures 5.8 to 5.13 show the voltage and current for this 
special case. 
C. CASE 3. Open circuited uniform line (a = 0, K =<:10) 
Voltage and current relations are 
1 er(x-1) 1 e-r(x+l) 
V(x)= 2 + 2 
and 
1 rcx-1) r 1 - (x+l)r e • - e r I(x)= 2 2 . 
With the use of Table I, their time domain counterparts are 
and 
2 
-(1-x) 2 - (l+x) 
v(x)= e 4-t (1-x)/4-jif t 312+ e 4-t 
2 
- (1-x) 







The plots of Equations (96) and (97) are shown in Figures 5.14 
to 5.19. 
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D. CASE 4-. Open circuited exponential line (a = 1, K =oO) 
For this case 
1 { r(x-l)+(x-1) ·(r+i'e~r(x+l)+(x-1)} 1 98 V(x)= -2 e + - J. ( ) (r-1) · 1 + e-2 /fr-1) 
and 
1 { [- l"'(x-1)-(x+l) -r(x+l)-(x+l)} I(x)=- s. e -e 
2l (r-1) (l+e - 2r /(r-1) (99) 
Going through the same operations as for Case 2, the time functions 
are obtained from the equations that follow 
1 x-1-t -1{~- rs -3/S -5vs J 
v (x) = 2e L e - e + e ~- ••• 
CJS -1) C.JS -1) 2 
[e {Sx +I§_ + 1 e- .JSxJ} (100) 
fS -1 
and 
1 -cx+l) -t -l{r- -{5 -3rs -5rs ] 
· ( )...:. e L e e + e - .•• l.X-- -2 2 crs -1) crs -1) i 
r s ( ersx- e- vsx)]} (101) 
Lcvs -1) _ 
Figures 5.20 t() 5.25 show the voltage and current for this 
approximation. 
Reflections due to unmatched terminations make the voltage 
at the input terminals of the line to be nonzero after the 
40 
application of the impulse for the open and short circuit termina-
tions with a = 0 and a = 1. 
The waveform of the response in the short circuit case 
between the uniform and exponential line are similar; however, 
the magnitudes of the voltage and current are higher for the expo-
nential line. 
When dealing with the response of the exponential line, the 
series gives a good approximation for t>l.3 sec. For times 
closer to zero, more than four terms are needed; notwithstanding, 
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VI. RESPONSE TO ANY INPUT 
Having in hand the impulse response of a system, it is 
possible by the use of convolution, to obtain the response to 
any form of input function. 
A function e(t) can be described as 
e(t)= r: e({) J (t- t')d~ 
With the impulse response h(t) of the line, which is a linear 
and time invariant system, the output can be obtained using the 
convolution integral 
55 
The response to a step function is interesting in the anal-
ysis of the transient response of a system. The output to this 
excitation is obtained by substitution of u(t) for e(t) in the 
convolution integral. 
This mathematical tool is very useful since from the 
response of the exponential line taken as a starting point, the 
response to various kinds of excitations can be analyzed. 
56 
VII. CONCLUSIONS 
The importance of the transfer matrix for the exponential 
line, as given in Equation (40) should be pointed out because it 
allows the more general analysis that can be made on this type 
of line) including the uniform line, when the taper constant a is 
set equal to zero. 
In Equation (49) for the input impedance, the effect of the 
exponential variation of the parameters is reflected in the 
factor exp(2ax), indic~ting that the input impedance of the line 
when terminated in its characteristic impedance is also an expo-
nential variation with distance. 
The main difference in the responses of the exponential and 
uniform line is introduced by the value of r' which is a function 
of the taper constant and line parameters as indicated in Equation 
(35). 
In the analysis of the 2-wire line, the introduction of 
reflections from unmatched terminations made necessary a series 
expansion for the exponential line in contrast to the form 
obtained for the uniform line. The resulting waveforms of the 
impulse excitation are made up of sums of exponential functions; 
a characteristic evidenced by the exponential line is the atten-
uation produced by the taper constant. 
From the impulse response, the response to any type of 
excitation can be found by the application of the convolution 
integral for the case of linear and time invariant systems. 
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